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ABSTRACT
Analysis of the multi–spectral remotely sensed images of the areas destructed by an earthquake is proved to be a helpful tool for
construction assessments. In this paper, we propose a new fast and
reliable fuzzy change detection method for multi–spectral images.
The proposed fuzzy change detection method is mathematically
and experimentally investigated and shown to be efficient and effective.
Keywords: Remote Sensing, Multispectral Image Analysis, Change
Detection, Fuzzy Clustering.
1. INTRODUCTION
In recent years, the spatial and the spectral resolution of the remote–
sensing sensors and the revisiting frequency of the satellites, has
been extensively increased. These developments, has offered the
possibility of addressing new applications of remote–sensing in
environmental monitoring [2, 6]. On the other hand, the officials are getting more and more aware of using multi–temporal
remotely sensed images for regular and efficient control of the environment [25, 9]. Also, there are reports about the application of
remote sensing change detection for global weaponry control (e.g.,
see [7]).
A key issue in remote–sensing image analysis is to detect changes
of the earth surface in order to manage possible interventions to
avoid massive environmental problems [4]. Recently, many researchers have worked on using the remote–sensing data to help
estimating the earthquake damage [15, 3] or the afterwards reconstruction progress [23, 17].
Change detection algorithms usually take two images as the
two shots before and after the change and return the locations
where the change is likely to be happened [25]. Before such stage,
always a preprocessing step is necessary to produce two comparable images in the spatial domain. The process of registration
aims at performing some geometrical operations on one of the images (or both of them), to give two compatible images, in which
the pixels with the same coordinates in the two images correspond
to the same physical point [28]. Many researchers have reported
the impact of miss–registration on the change detection results

(e.g.see [22]). Here, we assume that the given images are registered in the preprocess stage.
A fundamental problem in comparing two shots of the same
scene in different times, is the changing recording conditions. As
such, a change detection algorithms needs to be robust against atmospheric and imaging parameters. In particular, the direct solar illumination, the diffuse sky light, the path radiance, and the
transmittance of the atmosphere, as well as the dark current and
gain setting of the sensor may have changed individually in each
spectra band [25]. All these effects can roughly be categorized
into multiplicative and additive influences on the acquired data.
Thus, the relation between two shots of the same scene in different times is very often modelled approximately as a linear function [21, 20]. Many authors use spectral pre–processing to compensate these changes in the imaging parameters using ratioing
and differentiating approach [4].
There is a rich literature of change detection in gray–scale images. In [19] the authors survey the main approaches and compare
the results. Some more frequently used methods in this field are
correlation-based change detection [4], Baysian thresholding [5,
6], Artificial Neural Networks [8], and multi–block PCA [18], to
name a few. Also, some researchers have tried object–based change
detection, trying to locate the buildings and using morphological
tools to estimate the damaged locations [3].
Compared to the single–spectrum change detection, multi–
spectral change detection is being worked much less. The most
frequent approach in this field is using the principal component
analysis (PCA) to find the relation between the two images and
then mark those not complying with this relation as the locations
of the change [20, 25]. Some other researchers are using regression to find the non–changed axis [26]. Also, the application of
clustering–based methods [24, 14], special color spaces [27], and
the linear discriminants [7] are reported. Another idea for finding
the locations of change in multispectral images is to use the exact signature of the constructing material of the scene [16]. This
approach is based on expensive accurate laboratory experiments.
Here, we propose a clustering–based fuzzy change detection
method for multi–spectral images and discuss its rich mathematical background. Compared to the mentioned works which result
in crisp discrimination of changed locations, we compute a more

natural fuzzy change detection mask (FCDM). In fact, the approach
in [25] is the special case of our proposed method when neglecting the fuzziness factor and setting the number of clusters equal
to one. To formalize the comparison, in [25] global PCA [12] is
used while our proposed method uses local PCA [11] to gain more
adaptivity to non–linearities. Also [25] does not work in fuzzy
domain.
The rest of this paper is organized as follows: Discussing the
case of appropriate likelihood measures in Section 2.1 and fuzzy
principal component analysis (FPCA) in Section 2.2 we enter to
the mathematics of the problem. Then the proposed general clustering algorithm is introduced in Section 2.4 which is used for
the proposed multi–spectral clustering in Section 2.5) resulting
in the proposed multi–clustering fuzzy segmentation method in
Section 2.6. The proposed multi–spectral fuzzy change detection method discussed in Section 2.7 uses the before mentioned
methodology and gives the final result. Section 3 contains the experimental results and discussions, and finally, Section 4 concludes
the paper.
2. PROPOSED METHOD
2.1. Likelihood Measurement
The Euclidean distance is the most generally used likelihood measure, defined as eE
c) = (c −
η )T (c −
η ), where c is the vector that
r (
we intend to measure its distance to the cluster r, xT denotes the
transpose operations, and 
η is
the expectation of the color vectors
of cluster r defined as 
η = n1 n
xi .
i=1 
The Mahalanobis distance is also a well-known likelihood measure, defining the membership of c to the cluster r as eM
c) =
r (
(c−
η )T C −1 (c−
η ), where, C is the covariance
matrix
of
the
color

vectors of the cluster r defined as C = n1 n
xi −
η )(xi −
η )T .
i=1 (
In [1] the authors proposed to use the error made by neglecting
the two least important principal components (the second and the
third), as a likelihood measure. The linear partial reconstruction
error–based (LPRE) likelihood of the vector c to the cluster r is
defined as eR
c) = v T (c − 
η )v − (c − 
η ), where v shows
r (
the direction of the first principal component and x denotes the

N
normalized L1 norm x = N1
i=1 |xi |.

where Qx◦ (xi ) is a quadratic function. Assuming the case of repeated vectors, the objective function changes to,
∆(x◦ ) =

n


 i ),
pi Qx◦ (φ

(2)

i=1

 o . Thus, it is reasonable
where, pi is the number of occurrence of Φ
to define the objective functions in the fuzzy domain as,
∆(x◦ ) =

n


pi Qx◦ (xi ).

(3)

i=1

Note that the case of pi ≡ 1 leads
 to the same non–fuzzy definition. Also the assumption of n
i=1 pi = 1 is not necessary,
because it shows itself as a constant scaling factor; not affecting
the minima.
The objective function for the expectation vector in the crisp
domain is defined as Qx◦ (x) = x − x◦ 2 [10]. Thus, the fuzzy
expectation is the minima of the objective function defined as ∆◦ (x◦ ) =

n
x−x◦ 2 . Investigating the condition in which the derivai=1 pi 
tive of ∆◦ (x◦ ) in terms of x◦ gets zero, yields,
n
pi xi
.
(4)

η = i=1
n
i=1 pi
The objective function for the crisp first principal direction is
the direction of the maximum deviation or equivalently the direction of minimum one–dimensional reconstruction error, defined
as [10],
Qx◦ (x) = x − 
η − xT◦ (x − 
η )x◦ 2 .

(5)

Thus, in the fuzzy domain, we should minimize the objective function defined as,
∆I (x◦ ) =

n


pi x − 
η − xT◦ (x − 
η )x◦ 2 .

(6)

i=1

Algebraic derivation of (6) and incorporating the size constraint on
the principal components, (x◦ 2 = 1), leads to,
∆I (x◦ ) =

n


x◦ ,
pi xi − 
η 2 − xT◦ C̃

(7)

i=1

2.2. Fuzzy Principal Component Analysis (FPCA)

where, C̃ is the fuzzy covariance matrix defined as,

Consider, performing the PCA transform on the set of vectors
xi , i = 1, · · · , N , while the samples are members of the discrete
 i |i = 1, · · · , n}. This situation happens when we
field Φ = {φ
work on color vectors, which are repetitions of the vectors available in Φ = (N255 ∪ {0})3 . Hence, we are facing the PCA
 i ; pi )|i = 1, · · · , n},
problem for the set of fuzzy vectors {(φ

where pi is the number of repetitions of Φi (the histogram). Consider the general problem of finding the principal
ncomponents of
{xi ; pi |i = 1, · · · , n}, when not restricting
i=1 pi to be 1.
Here, as we are only concerned with the zero and one dimensional
representation of the data cloud, we will derive the formulation for

η and ω
 1 , but the same method leads to the computation of the
other fuzzy principal components as well.
All objective functions in the PCA theory are of the form,
∆(x◦ ) =

n

i=1

Qx◦ (xi ),

(1)

C̃ =

n


pi (xi − 
η )(xi − 
η )T .

(8)

i=1

As the first term in (7) is not a function of x◦ , thus, ∆I (x◦ ) is
minimized when the second term is maximized. Using the method
of Lagrange multipliers for embedding the x◦  = 1 constraint,
we should maximize the objective function defined as,
¯ I (x◦ ) = xT◦ C̃
∆
x◦ + λ(x◦ 2 − 1).

(9)

Differentiating (9) in terms of x◦ and assigning the result to zero
we get C̃
x◦ = λ
x◦ . Thus, x◦ is an eigenvector of C̃, resulting in
˜ I (x◦ ) = λ. As a result, the direction of the first fuzzy principal
∆
component is the eigenvector of C̃, corresponding to the largest
eigenvalue. It can be easily proved (using the same method), that
the other principal directions correspond to the other eigenvectors
of C̃, sorted by the eigenvalues in a descending fashion; like the
classic PCA.

2.3. Weighted Powered Sum Minimization
Consider the optimization problem defined as minimizing the function,
∆(x1 , · · · , xn ) =

n


xm
i wi ,

(10)

i=1


under the assumption of n
i=1 xi = 1. Substituting xp = 1 −

n
i=1,i=p xi in (10) and differentiating with respect to xi for i = p
results in,
1
− m−1

wp

xp = 
n

1
− m−1
i=1 wi

.

(11)

Note that, hereby the normality constraint is satisfied. Substituting
(11) in (10) we have,
 n
−(m−1)
 − 1
m−1
∆=
wi
.
(12)

Then, the function Υ(X̃) ≡ Ẽ{X̃} is the solution for Ψ(x, 
η) =
x − 
η 2 . Here, Ẽ{X̃} stands for the fuzzy expectation of a fuzzy
set.
Back to the main problem of minimizing (13), assume that
we have the dual functions, Ψ(·) and Υ(·). Here, we propose an
algorithm that converges to a minimal point of (13), if at least one
exists. Consider rewriting (13) as,
J(X, Φ) =

n

i=1

2.4. Proposed General Clustering Algorithm

pm
ij Dij .

pij = 
c

(13)

This describes the best choice of clustering the data points X =
{x1 , · · · , xn } into c clusters described by Φ = {φ1 , · · · , φc }.
Here, pij is the fuzzy membership of xi to the jth cluster and Dij
is the distance between this point and the cluster. Assume that,
Dij = Ψ(xi , φj ),

(14)

is the appropriate distance function for the vector geometry under
investigation. Consequently, under the Ψ distance function, we
−1
have pij ∝ Dij and pij ∝ Dpj
for p = 1, · · · , n, p = i. Here,
φj is the defining parameters of the jth cluster according to the
general cluster model.
As an special case, the FCM models each cluster with a single vector (φj = {
ηj }), and defines the Ψ function as the squared
Euclidean distance between the given vector and the cluster center.
The key point of the proposed general fuzzy clustering (GFC) algorithm is the deep relation between the cluster model and the cluster
tuning function. Note that for a set of given points, the expectation vector minimizes the sum of the squared Euclidean distances.
Now assume that the function Υ tunes the cluster model φj to best
fit the points. This means that for the fuzzy set X̃ = {(xi ; pi )|i =
1, · · · , n} of vectors, φ = Υ(X̃) is the solution for;



∗
φ = argφ min
pi Ψ(xi , φ) .
(15)
(
xi ,pi )∈X̃

−

k=1

1

.

(17)

Dik m−1

Note that during this stage, J(X, Φ) is declined, except for the
case that pij s satisfy (17) at first. We will come back to this situation later. Now, consider rewriting (13) as,
J(X, Φ) =

i=1 j=1

(16)

1

Dij m−1

Consider the general clustering problem stated as minimizing the
objective function defined as,
c
n 


pm
ij Dij .

j=1

−

Assuming m > 1, ∆ will be less than all wp . Also, note that
the case of setting all xi equal to zero, except for xp = 1, leads
to ∆ = wp . Hence, having in mind that the gradient of ∆ gets
zero just once, while the value of ∆ at that point is smaller than
some marginal points, thus, (11) leads to the global minima of the
problem in hand.

c


Also, assume that we have fixed Dij and we are trying to decline J(X, Φ) by working on p
ij . As the only restriction on pij
is the normality condition (∀i, cj=1 pij = 1), there is no connection between pij and pi j , for i = i . Thus, declining ∆i s
independently results in declination of J(X, Φ). Having in mind
the normality constraints, minimizing ∆i is a weighted powered
sum minimization (discussed in Section 2.3). Hence, we get,

i=1

J(X, Φ) =

∆i , ∆i =

c


Θj , Θj =

j=1

n


pm
ij Dij .

(18)

i=1

Assume that we have fixed pij and we are trying to decline J(X, Φ)
by working on Dij . Declining Θj means tuning the j–th cluster
to minimize the overall distances in a fuzzy scheme. Note that like
above, it can be solved independently for different clusters, resulting in overall decline of the J(X, Φ). The solution in this state is
obtained by using the Υ function as,

φj = Υ





(xi , pm
ij )i


= 1, · · · , n

.

(19)

Again, the J(X, Φ) can never increase in this state, and its constancy shows that all the clusters have been in the best place, according to the special distance function Ψ. The halting test of the
algorithm is the stationarity of the cluster parameters measured by
the average cluster center change defined as,

δ=

c
1

ηi − 
ηi 2 ,
c i=1

(20)

getting smaller than a preselected threshold δT . We propose the
procedure shown in Figure 1 to cluster the given data.
Note that during the two stages, J(X, Φ) never rises and the
case of it being constant in two consecutive stages results in staying constant for all coming stages. Thus, using this method, J(X, Φ)
is going towards a minimum point, and never gets oscillated. Note
that rather than the FCM, other methods like GK, FEC, and FCV,
are also special cases of the proposed general clustering method.

Aim: Clustering data.
Inputs:
Input vectors xi , i = 1, · · · , n.
Number of the clusters c.
Distance function Ψ.
Stationarity threshold δT .
Output:
A set of c clusters φi , i = 1, · · · , c.
Method:
[1] Randomly initialize clusters φi , satisfying the model
constraints.
[2] Compute Dij , using (14).
[3] Compute pij , using (17).
[4] Store the clusters as φi = φi .
[5] Update clusters, using (19).
[6] Compute δ, using (20).
[7] If δ > δT goto 2, else
[8] return φi , i = 1, · · · , c.
Figure 1: Proposed clustering procedure.

2.5. Proposed Multi–Spectral Clustering
When attempting to segment an image, the first step is to find a
few classes that define the image content in an intuitive way. As
stated in Section 2.1, the LPRE distance defined as,
η )v 2 ,
Ψ(c, [
η , v ]) = (c − 
η ) − v T (c − 

pixels in the way that it results in meaningful geometrical continuous segments. Consider, clustering an image I, into c clusters by using the method proposed in Section 2.5. The result is
the set of c images Ji , i = 1, · · · , c, which shows the likelihood
of each
pixel to each of the c clusters. Note that Ji satisfies,
∀x, y : n
a p×p
smoothing coni=1 Ji (x, y) = 1. Now, consider
volution kernel M . Note that M satisfies pi=1 pi=1 Mij = 1.
Hence, applying M to each Ji independently to acquire J˜i , the
new membership maps will also satisfy the normality condition.
Thus, J˜i , i = 1, · · · , c can be considered as the smoothed likelihood to the c clusters. The main benefit of using J˜i over Ji is
the smoother resulting segments. The crisp segmentation results
can also be obtained using the ML. Here, we propose to use an
averaging kernel as M .
2.7. Proposed Multi–Spectral Fuzzy Change Detection
Assume the two images I1 and I2 which are registered using some
processing method. Also, assume that I1 is segmented into c classes
of φi , i = 1, · · · , c, where Jixy , i = 1, · · · , c shows the membership of I1xy to the i–th class. Assume performing the FPCA on the
m
fuzzy set {(I2xy ; Jixy
)} to find the new clusters φ̃i , i = 1, · · · , c
and computing the new membership values J˜ixy , which show the
degree of membership of I2xy to the i–th new class φ̃i . We propose,
δxy =

(21)

results in a good subjective clustering of the spectral vectors in
color fields. In this approach, the cluster model is a cylinder with
its central axis having 
η and parallel with v (see Figure 2). Also,
the dual function Υ(X̃) computes the fuzzy expectation and the
first fuzzy principal component of X̃ as new values of 
η and v (as
discussed in Section 2.2). It must be emphasized that this formulation results in an special case of the FCV method (r = 1) [13].

v

e ta

c
1
(Jixy − J˜ixy )2 ,
c i=1

(22)

as the probability of the point (x, y) being changed.
Note that if I1 ≡ I2 , Jixy and J˜ixy will be identical, resulting in δxy ≡ 0, as desired. Now assume that there is no change
between the two images I1 and I2 , unless for the changes in the
imaging conditions. Assume that xi and 
yi are the spectral vectors
of the same physical points in the two images I1 and I2 , respectively. As stated in Section 1, xi and 
yi relate through a linear
yi + b. Here, we model A as a non–
transform namely xi = A
singular invertible matrix with its eigenvalues being almost constant. The matrix A in the singular value decomposition (SVD)
form is written as A = V DU −1 , where, U and V are orthogonal
matrices and D is a diagonal matrix with the eigenvalues of A as
its elements.
The expectation vectors in the two images I1 and I2 relate as,



yi + b = AE 
(23)
yi + b.
E xi = E A
The fuzzy covariance matrices of the two images I1 and I2 satisfy
the following equations,


 
C1 = AE

Figure 2: Cylindrical cluster model.

2.6. Proposed Multi–Spectral Fuzzy Segmentation
We face the segmentation problem as applying the maximum likelihood on the cluster membership information to relabel the image


yi − E{
yj }


yi − E{
yj }

T

AT = AC2 AT (24)

Assume that the eigenvectors of C1 are vi , i = 1, · · · , m corresponding to the eigenvalues of λi , i = 1, · · · , m and the eigenvectors of C2 are 
ui , i = 1, · · · , m corresponding to the eigenvalues of ρi , i = 1, · · · , m. Also, assume the eigenvectors of
A to be w
 i , i = 1, · · · , m corresponding to the eigenvalues of
εi , i = 1, · · · , m. Thus,
ui = ρi 
ui , A w
 i = εi w
 i.
∀i, C1vi = λivi , C2 

(25)

First assume that the eigenvectors of A are all exactly equal to
the fixed value of λ (or equivalently ∀i, εi = λ). Thus,
A = V DU −1 = V diag(λ, · · · , λ)U −1 = λV U −1 .

(26)

In this situation,
AT = λU V −1 = λ2 A−1 → AT A = AAT = λ2 I.

(27)

Now, note that,
ui = AC2 AT A
ui = λ2 AC2 
ui = λ2 ρi A
ui .
C1 A

(28)

Thus, A
ui is the eigenvector of C2 corresponding to the eigenvalue
of λ2 ρi . Note that,
ui  = λ.
A
ui  = λ

(a)

(29)

As the eigenvalues and eigenvectors of a single matrix are identical, we have,

1
1
(30)
( A
u1 , λ2 ρ1 ), · · · , ( A
um , λ2 ρm ) =
λ
λ

(v1 , λ1 ), · · · , (vm , λm ) .
As λ2 > 0 we have,
∀i, vi =

1
A
ui , λi = λ2 ρi .
λ

(31)

Thus, using the above re–clustering method, the cluster φ = [
η , v ]
η + b, Av ]. Now, we have,
in I2 results in the cluster φ̃ = [A



1
yi + b) − (A
η + b) − 2 v T AT
(32)
Ψ(xi , φ̃) = 
 (A
λ
 

2
η + b) Av 
(A
yi + b) − (A


2


T
 = λ2 Ψ(xi , φ̃) (33)
A(
y
Ψ(xi , φ̃) = 
−

η
)
−

v
(
y
−

η
)A
v
i
i


1

Ψ(xi , φ̃j )− m−1
J˜ixy = 
=
1
c
xi , φ̃k )− m−1
k=1 Ψ(

(34)

1

Ψ(xi , φj )− m−1
= Jixy ,
c
1
xi , φk )− m−1
k=1 Ψ(
resulting in δxy = 0. Thus, the proposed method will be independent of the lighting and imaging conditions.
Now, assume a more realistic case that εi s are not exactly the
same but we have λ − δλ ≤ εi ≤ λ + δλ. For the cases that δλ
is
λ
too small the above equations change to semi–equations and still
marginally hold. In this situation δxy 0.
In contrast, physical changes result in different material in a
single point in different shots. Hence, they produce absolutely different values of Jixy and J˜ixy , resulting in non–zero patterns of
δxy . In the proposed method, at the same time both the image
sequence segmentation and the fuzzy change detection are performed.

(b)
Figure 3: Multi–spectral images of the city of Bam. (a) 2003-1204. (b) 2003-12-29. Courtesy of IRSC.

3. EXPERIMENTAL RESULTS
The tests were performed using a PIV 2600MHz personal computer with 512MB of RAM. Figure 3 shows two images of the city
of Bam by the IRS–1D satellite LIS III sensor, each containing 3
channels.
Figure 4 shows three query regions in the image shown in Figure 3–(a), corresponding to the urban area, desert, and river bed,
respectively. Figure 5 shows the results of segmenting the original image into three segments using the maximum likelihood (ML)
method with the three likelihood measures of Euclidean, Mahalanobis, and LPRE. Note the cluster shapes in Figure 5–(a),(c),
and (e) and the corresponding segmentation results in Figure 5–
(b),(d), and (f), respectively. As Figure 5 shows the Euclidean and
the Mahalanobis distances have misclassified many portions of the
desert into the urban class, while the LPRE shows the best compliance with the physical classes. The same results are observed
in other numerous examples. Thus, the LPRE–based likelihood
measure is the best of all descriptor for the images under investigation. Specially note that unless for the LPRE, the two other
measures have failed to classify the non–urban areas in numerous
situations and have included them in the urban class. This is so
important, because after the earthquake, some spectral vectors in
the urban class are getting members of the non–urban class, due to
the destruction.
Figure 6 shows the result of applying the proposed multispectral segmentation method on the image shown in Figure 3–(a), with
the parameters set as, c = 3, m = 1 13 , δT = 12 , and k = 2.
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Figure 4: Three query regions in the image shown in Figure 3–(a).
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Figure 7 shows the result of the proposed multi–spectral fuzzy
change detection applied on the image shown in Figure 3 with the
parameters set as c = 3, m = 1 31 , δT = 12 , and k = 2. To
get a better printing result, the values of 1 − δxy are shown here.
Note the rightmost–bottom part of the city, were destructed parts
are visible, and the corresponding black spots in the change map.
Also, note that the desert part of the image is ranked to be less
changed than the urban part, as desired. The main drawback of the
proposed method is its sensitivity to the clouds. We propose using
the channels which are less sensitive to the spectrum of the clouds.
Table 1 compares the proposed method with the available literature. The comparison is made in terms of the dimension of the
input data (multispectral vs. grayscale), model–based tendency of
the method, locality of change detection (adaptability to different
effects of the change in different spectral bands), spatial information inclusion, human intervention (supervised vs. unsupervised),
and the output space (crisp vs. fuzzy). Model–based methods are
those using the prior knowledge about the image, such as information about the scale, contents, material and so on. As shown in
Table 1, while the proposed method is the only fuzzy–output one,
it works unsupervised and processes the changes locally with no
need to prior information about the image contents.

4. CONCLUSIONS
The performance of three likelihood measures are investigated, in
terms of their efficiency in segmenting multi–spectral images and
the LPRE distance is shown to outperform the Euclidean and the
Mahalanobis measures. A new fuzzy clustering method is proposed which uses the proposed likelihood measure, and its efficiency is shown both theoretically and experimentally. A new
fuzzy change detection method is proposed which measures the
changes in the membership values of the spectral vectors before
and after the change. The method is mathematically proved to
be efficient while experiments confirm the results. Comparison of
the proposed method with the available literature proves it to be
superior in terms of giving fuzzy results, working unsupervised,
processing the changes locally, and not needing prior information
about the image contents.
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Figure 5: The results of applying maximum likelihood on the
query regions shown in Figure 4. (a) Euclidean. (b)Mahalanobis.
(c) LPRE.
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