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Abstract
Unsupervised clustering of a set of datums into homogenous groups is a primitive operation required in many signal and image
processing applications. In fact, different incarnations and hybrids of Fuzzy C–Means (FCM) and Possibilistic C–means (PCM)
have been suggested which address additional requirements such as accepting weighted sets and being robust to the presence of
outliers. Nevertheless, arriving at a general framework, which is independent of the datum model and the notion of homogeneity
of a particular problem class, is a challenge. However, this process has not been followed organically and clustering algorithms are
generally based on exogenous objective functions which are heuristically engineered and are believed to lead to the satisfaction of
a required behavior. These techniques also commonly depend on regularization coefficients which are to be set “prudently” by the
user or through separate processes. In contrast, in this work, we utilize Bayesian inference and derive a robustified objective function for a fuzzy–possibilistic clustering algorithm by assuming a generic datum model and a generic notion of cluster homogeneity.
We utilize this model for the purpose of cluster validity assessment as well. We emphasize the epistemological importance of the
theoretical basis on which the developed methodology rests. At the end of this paper, we present experimental results to exhibit the
utilization of the developed framework in the context of four different problem classes.
c 2014 Published by Elsevier Ltd.
Keywords: Fuzzy Clustering, Possibility theory, Fuzzy system models.

1. Introduction
Unsupervised grouping of datums into homogenous clusters is an important process required in a vast number
of signal and image processing applications. In essence, the requirement is to have a process which inputs a set of
datums, of a particular model, and divides them into an appropriate number of clusters, where the clusters comply
with a particular notion of homogeneity. This process is also required to satisfy additional constraints, such as being
robust and allowing for datums with different priorities. Moreover, it is an important advantage for such a process
to be independent of any particular datum and cluster model. Also, from the point of view of practicality, a process
which depends on a few parameters with perceptual definitions is highly preferred to an alternative which requires
deliberate adjustment of a larger set of incomprehensible configuration variables.
A frequently utilized approach to the data clustering problem is to adopt an objective function and to find a
minimizer for it. In this context, a notion of distance between a datum and a cluster is defined and the algorithm
attempts to reduce the sum of the distances between all datums and all clusters. This process takes into consideration
additional factors such as datum–to–cluster membership and the presence of outliers.
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In effect, clustering problems are generally translated from a verbal description into an objective function, one or
more constraints, and a potential set of prunning procedures. However, it is generally the intuition of the researchers
which drives the development of new clustering algorithms. In such processes, the inclusion of a new regularization
term or a novel weight component in the objective function is justified through verbal descriptions which are based on
heuristics. In other words, the development of fuzzy clustering algorithms is often output–based, where experimental
results provide the “proof” that the heuristics of the researchers have been correct. Comparison of different fuzzy
clustering algorithms, too, is often only achieved based on the outputs of the respective formulations.
In this paper, we utilize Bayesian inference and derive the formulation for loss in a fuzzy–possibilistic clustering
problem. This loss model is independent of any particular datum or cluster model and utilizes a generic notion of
homogeneity. This model also utilizes a robust loss function and employs the concept of the relevance of each datum
to the set. Moreover, the developed loss model is independent of any parameter which might have to be trained or tuned
empirically or through training or repetition of any process. It is important to emphasize that the process utilized in
this work develops the objective function organically and is therefore characteristically different from previous works
in the field which are based on heuristics. Nevertheless, the developed formulation bears resemblance to different
works in the field.
The rest of this paper is organized as follows. First, in Section 2, we review the related literature and then,
in Section 3, we present the developed method. Subsequently, we present experimental results produced by the
developed method on four different problem classes in Section 4 and provide the concluding remarks in Section 5.
2. Literature Review
2.1. Notion of Membership
The notion of membership is a key point of distinction between different clustering schemes. Essentially, membership may be Hard or Fuzzy. Within the context of hard membership, each datum belongs to one cluster and is
different from all other clusters. The fuzzy membership regime, however, maintains that each datum in fact belongs
to all clusters, with the stipulation that the degree of membership to different clusters is different. K–means and Hard
C–means (HCM) clustering algorithms, for example, utilize hard membership values. Iterative Self–Organizing Data
Clustering (ISODATA) [1] is a hard clustering algorithm as well.
With the introduction of Fuzzy Theory [2], many researchers incorporated this more natural notion into clustering
algorithms [3]. The premise for employing a fuzzy clustering algorithm is that fuzzy membership is more applicable in
practical settings, where generally no distinct line of separation between clusters is present [4, 5]. Additionally, from
a practical perspective, it is observed that hard clustering techniques are more prone to falling into local minima [6].
The reader is referred to [7, 8] for the wide array of fuzzy clustering methods developed in the past few decades.
FCM, described below, is a fuzzy clustering algorithm. In this work we utilize the concept of fuzzy clustering as well.
Initial work on fuzzy clustering was done by Ruspini [9] and Dunn [10] and it was then generalized by Bezdek [7]
into FCM. In FCM, datums, which are denoted as x1 , · · · , xN , belong to Rk and clusters, which are identified as
ψ1 , · · · , ψC , are represented as points in Rk . FCM makes the assumption that the number of clusters, C, is known
through some separate process or expert opinion and minimizes the following objective function,
∆=

N
C X
X

m
fnc
kxn − ψc k2 .

(1)

c=1 n=1

This objective function is heuristically suggested to result in appropriate clustering results and is constrained by,
C
X

fnc = 1, ∀n.

(2)

c=1

Here, fnc ∈ [0, 1] denotes the membership of datum n to cluster c.
In (1), m > 1 is the fuzziness (also called weighing exponent and fizzifier). The optimal choice for the value of the
fizzifier is a debated matter [11] and suggested to be “an open question” [12]. Bezdek [4] suggests that 1 < m < 5 is a
proper range and utilizes m = 2. The use of m = 2 is suggested by Dunn [10] in his early work on the topic as well and
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also by Frigui and Krishnapuram [13], among others [14]. Bezdek [15] provided physical evidence for the choice of
m = 2 and Pal and Bezdek [16] suggested that the best choice for m is probably in the interval [1.5, 2.5]. Yu, Cheng,
and Huang [12] argue that the choices for the value of m are mainly empirical and lack a theoretical basis. They work
on providing such a basis and suggest that “a proper m depends on the data set itself” [12]. Rousseeuw, Trauwaert
and Kaufman [17] argue that fnc only accepts the two boundary values in extremely exceptional cases. They suggest
m
2
replacing fnc
with α fnc + (1 − α) fnc
, for a known 0 < α < 1. In this framework, α = 1 corresponds to an HCM–style
objective function and α = 0 leads to an FCM–style one. Klawonn and Hoppner suggest to generalize this effort and
m
replace fnc
with an increasing and differentiable function g( fnc ) which satisfies g(0) = 0, g(1) = 1, and for which
′
g (x) is increasing and satisfies g′ (0) , 0. They show that this last property is necessary in order to allow for zero
membership values (for details refer to [18, 19]). Borgelt [20] reviews the possibility of achieving fuzzy membership
values through allowing m = 1 while a regularization term pushes the clustering result away from a crisp solution. In
the experimental results presented in this paper, we use m = 2. Nevertheless, we note that this is a decision made in
order to comply with the literature and the history of the problem and that it has no particular impact on the execution
of the developed algorithm. One may utilize the Klawonn–Hoppner generalization [18] of the fuzzifier within the
context of the developed algorithm as well.
P
Pedrycz [21, 22] suggested to modify (2) in favor of customized fnc constraints for different values of n. This
technique allows for the inclusion of a priori information into the clustering scheme and is addressed as Conditional
P α
is constrained.
Fuzzy C–means (CFCM). Leski [11] provides a generalized version of this approach in which β fnc
2.2. Prototype–based Clustering
It is a common assumption that the notion of homogeneity depends on datum–to–datum distances. This assumption is made when clusters are modeled as prototypical datums, also called clustroids or cluster centroids, as in FCM,
for example. A prominent choice in these works is the use of the Euclidean distance function (refer to the review
in [23]). As an example, the potential function approach considers datums as energy sources scattered in a multi–
dimensional space and seeks peak values in the field [24] (also see [25, 26, 27]). We argue, however, that the distance
between datums may not be either defined or meaningful and that what the clustering algorithm is to accomplish is
the minimization of datum–to–cluster distances. For example, when datums are to be clustered into certain lower–
dimensional subspaces, as is the case with Fuzzy C–Varieties (FCV) [28], the Euclidean distance between datums,
even if it can be properly defined, is irrelevant.
Prototype–based clustering does not necessarily require prototypes which are explicitly present. For example,
in kernel–based clustering, it is assumed that a non–Euclidean distance can be defined between any two datums.
That clustering algorithm then functions based on an FCM–style objective function and produces clusteroids which
are defined in the same feature space as the datums. Those cluster prototypes may not be explicitly represented in
the datum space, but, nevertheless, they share the same mathematical model as the datums [29]. Another example
for an intrinsically prototype–based clustering approach in which the prototypes are not explicitly “visible”, is the
Fuzzy PCA–guided Robust k–means (FPR k–means) clustering algorithm [30]. In that work, a centroid–less formulation [31] is adopted, which, nevertheless, defines homogeneity as datum–to–datum closeness. Relational clustering
approaches constitute another class of algorithms which are intrinsically based on datum–to–datum distances (for
example refer to Relational FCM (RFCM) [32] and its non–Euclidean extension Nerf C–means [33]). The goal of
that class of algorithms is to group datums into self–similar bunches. Another algorithm in which the presence of the
prototypes may be less evident is Multiple Prototype Fuzzy Clustering Model (FCMP) [34]. In that approach, datums
are described as a linear combination of a set of prototypes, which are, nevertheless, members of the same Rk as the
datums are. Additionally, some researchers utilize Lr –norms, for r , 2 [35, 36, 37, 38], or other datum–to–datum
distance functions [5].
We argue that a successful departure from the assumption of prototypical clustering is achieved when clusters and
datums have different mathematical models. For example, the Gustafson–Kessel algorithm [39] models a cluster as a
pair of a point and a covariance matrix and utilizes the Mahalanobis distance between datums and clusters (also see the
Gath–Geva algorithm [40]). Fuzzy shell clustering algorithms [14] utilize more generic geometrical structures. For
example, the FCV [28] algorithm can detect lines, planes, and other hyper–planar forms, Fuzzy C Ellipsoidal Shells
(FCES) [41] algorithm searches for ellipses, ellipsoids, and hyperellipsoids, and Fuzzy C Quadric Shells (FCQS) [14]
and its variants seek quadric and hyperquadric clusters (also see Fuzzy C Plano–Quadric Shells (FCPQS) [42]). In
3
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this work, we assume generic datum and cluster models which the algorithm is capable of working on through three
custom problem class–specific black–box functions.
2.3. Robustification
Dave and Krishnapuram [43] argue that the concept of the membership function in FCM and the concept of weight
function in robust statistics can be related together. Based on this perspective, it is argued that the classical FCM in
fact provides an indirect means for attempting robustness. Nevertheless, it is known that FCM and other least square
methods are highly sensitive to noise [44]. Hence, there has been ongoing research on the possible modifications of
the FCM in order to provide a (more) robust clustering algorithm. Dave and Krishnapuram [43] provide an extensive
list of relevant works and outline the intrinsic similarities within a unified view (also see [45, 46]).
The first attempt to robustifying the FCM, based on one account [43], is the Ohashi Algorithm [45]. That work
adds a noise class to FCM and writes the robustified objective function as,
∆=α

N
C X
X

m
fnc

c=1 n=1


m
C
N 
X
X


fnc  .
kxn − ψc k + (1 − α)
1 −
2

n=1

(3)

c=1

The transformation from (1) to (3) was suggested independently by Dave [46, 47] when he developed the Noise
Clustering (NC) algorithm as well. The core idea in NC is that there exists one additional imaginary prototype
which is at a fixed distance from all datums and represents noise. This approach is similar to modeling approaches
which perform consecutive identification and deletion of one cluster at a time [48, 49]. Those methods, however, are
expensive to carry out and require reliable cluster validity measures.
Krishnapuram and Keller [50] extended the idea behind NC and developed the PCM algorithm by rewriting the
objective function as,
∆=

N
C X
X

m
tnc
kxn − ψc k2 +

c=1 n=1

C
X
c=1

ηc

N
X
(1 − tnc )m .

(4)

n=1

Here, tnc denotes the degree of representativeness or typicality of datum n to cluster c (also addressed as possibilistic
degree in contrast to the probabilistic model utilized in FCM). As expected from the modification in the definition of
tnc compared to fnc , PCM removes the sum of one constraint, shown in (2), and in effect extends the idea of one noise
class in NC into C noise classes. In other words, PCM could be considered as the parallel execution of C independent
NC algorithms, each seeking a cluster. Therefore, the value of C is somewhat arbitrary in PCM [43]. For this reason,
PCM has been called a mode–seeking algorithm where C is the upper bound on the number of modes.
We argue that the interlocking mechanism present in FCM, i.e. (2), is valuable in that, not only clusters seek
homogenous sets, but that they are also forced into more optimal “positions” through forces applied by competing
clusters. In other words, borrowing the language used in [23], in FCM clusters “seize” datums and it is disadvantageous for multiple clusters to claim high membership to the same datum. There is no phenomenon, however, in NC
and PCM which corresponds to this internal factor. Additionally, it is likely that PCM clusters coincide and/or leave
out portions of the data unclustered [51]. In fact, it is argued that the fact that at least some of the clusters generated
through PCM are nonidentical is because PCM gets trapped into local minimum [52]. PCM is also known to be more
sensitive to initialization than other algorithms in its class [23].
It has been argued that both concepts of possibilistic degrees and membership values have positive contributions
to the purpose of clustering [53]. Hence, Pal, Pal, and Bezdek [54] combined FCM and PCM and rewrote the optimization function as minimizing,
∆=

N 
C X
X
c=1 n=1


η
m
fnc
+ tnc
kxn − ψc k2 ,

(5)

PN
tnc = 1, ∀c. This approach was later shown to suffer from different scales of the fnc and tnc
subject to (2) and n=1
values, especially when N ≫ C, and, therefore, additional linear coefficients and a PCM–style term were introduced to
the objective function [55]. It has been argued that the resulting objective function employs four correlated parameters
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and that the optimal choice for them for a particular problem instance may not be trivial [23]. Additionally, in the new
combined form, fnc cannot necessarily be interpreted as a membership value [23].
Weight modeling is an alternative robustification technique and is exemplified in the algorithm developed by
Keller [56], where the objective function is rewritten as,
∆=

N
C X
X

m
fnc
uc

c=1 n=1

1
kxn − ψc k2 ,
ωqn

(6)

PN
subject to n=1
ωn = ω. Here, the values of ωn are updated during the process as well. Robust loss functions, on
the other hand, attempt to robustify the clustering algorithm through modifying the contribution of datum–to–cluster
distances.
Frigui and Krishnapuram [13] included a robust loss function in the objective function of FCM and developed
Robust C–Prototypes (RCP),
∆=

N
C X
X

m
fnc
uc (kxn − ψc k) .

(7)

c=1 n=1

Here, uc (·) is the robust loss function for cluster c. They further extended RCP and developed an unsupervised
version of RCP, nicknamed URCP [13], which does not require a priori knowledge about C. Wu and Yang [29] used
2
uc (x) = 1 − e−βx and developed Alternative HCM (AHCM) and Alternative FCM (AFCM) algorithms. They also
suggested that a similar approach may be applicable for developing the Alternative PCM (APCM) algorithm (also
see [57]). In this work, we attempt robustification through a quadratic loss function as well as a loss model which
utilizes a possibilistic concept.
2.4. Cluster Validity and Number of Clusters
The validity of a solution to the clustering problem may be assessed from different vantage points. A recent
paper by Ackerman and Ben–David [58] formulates a theoretical basis for clustering quality. That approach, in
effect, provides means for suggesting if one solution to a clustering problem instance is superior to another one.
Clusterability, on the other hand, is a before–the–fact attempt to predict if a successful clustering is possible [59]. A
third concept is the assessment of cluster quality, i.e. to examine one cluster in order to decide whether or not it is
proper [60, 61, 62, 63]. This tool is important especially when unsupervised operation, including relaxing the need to
know the number of clusters a priori, is a requirement.
The classical FCM and PCM, and many of their variants, are based on the assumption that the number of clusters
is known (an extensive review of this topic is given in [7, Chapter 4] and [64, Chapter 4]). Nevertheless, it is suggested that, particularly in applications in the field of machine vision, the number of clusters is only rarely known a
priori [48]. It is worth to mention that PCM–style formulations in fact somewhat relax this requirement, at the cost
of yielding an ill–posed optimization problem [23]. In an attempt to provide an alternative, some implementations of
the classical K–means and C–means clustering algorithms start with the assumption of known number of clusters and
settle this limiting requirement through after–the–fact strategies such as repeating the clustering effort for a number
of different cluster counts and comparing the outcomes using a particular measure of cluster validity (for example
see [40, 65, 66]). It must be noted, however, that many clustering algorithms do not guarantee that the solution found
after one execution is a global optimum, which contradicts the presumption of the search process. This critical issues
is in addition to the practical challenges of repeating the execution for a possibly large set of possible configuration
settings. Dave and Krishnapuram conclude in their 1997 paper that the solution to the general problem of robust
clustering when the number of clusters is unknown is “elusive” and that the techniques available in the literature each
have their limitations [43].
It may be argued that the “ideal” approach is to include the cluster validity measure into the objective function in
order to avoid creating clusters which are to be rejected later in the process. The fact, however, is that many validity measures utilize complex mathematical models which do not yield to closed–form solutions. Hence, Progressive
Clustering is developed. Among the many variants of progressive clustering are methods which start with a significantly large number of clusters and freeze “good” clusters [65, 67, 68, 42], approaches which combine compatible
5
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clusters [69, 65, 67, 68, 42, 13], and the technique of searching for one “good” cluster in a time until no more is
found [48, 68, 70].
An alternative approach is to incorporate a regularization term into the objective function in order to make fewer
number of clusters more favorable. For example, Frigui and Krishnapuram [71] added to the objective function a
quadratic function of the membership values, which is minimal when all datums are assigned to the same cluster, and
developed Competitive Agglomeration (CA). Frigui and Krishnapuram [72] robustified CA into Robust CA (RCA).
The original CA was also modified through the addition of an entropy regularization term [73]. However, these
regularization terms generally involve additional parameters which are to be set carefully, and potentially per problem
instance (for example see the mixed C–means clustering model proposed in [54]). We argue that the dependence
of an algorithm on parameters which are to be set “prudently” [72, page 452, top of column two] is a significant
shortcoming for an algorithm which is to be executed in an unsupervised setting.
In this work, we utilize the concepts of cluster utilization and set up a progressive clustering framework. The
general definition of this cluster validity measure has a long history in the literature [16] with many variations proposed
over the years. Additionally, many cluster validity measures, including Bezdek’s partition coefficient [74] and partition
entropy [75], are defined for the complete clustering result and may or may not be meaningful for one cluster (also
see [76, 16]). Other examples of validity measures which address the complete solution are Gunderson’s separation
coefficient [77], Xie–Beni index [78], and Fukuyama–Sugeno index [79]. Additionally, many of these measures may
not be applicable in the case of a generic cluster model. For example, the Fukuyama–Sugeno index compares cluster
representations with the mean of the data. This comparison strives on the assumption of an Euclidean homogeneity
model and may lack any meaning in non–Euclidean systems. The Xie–Beni index, on other hand, compares cluster
representations together. Such comparison, may not be trivial in the context of non–Euclidean problem classes.
The same argument is valid for the Euclidean prototype–based cluster validity measure discussed in [80], fuzzy
hypervolume [40], fuzzy shell thickness [42], and surface density [42]. In this work, we derive a measure of cluster
utilization which is independent of any particular datum and cluster model and is based on the loss model developed
in this work.
2.5. Weighted Clustering
Many fuzzy and possibilistic clustering algorithms make the assumption that the datums are equally important.
Weighted fuzzy clustering, however, works on inputs datums which have an associated positive weight [48]. This
notion can be considered as a marginal case of clustering fuzzy data [81]. Examples for this setting include clustering
of a weighted set, clustering of sampled data, clustering in the presence of multiple classes of datums with different
priorities [82], and a measure used to speed–up the execution through data reduction [83]. Nock and Nielsen [84]
formalize the case in which weights are manipulated in order to move the clustering results towards datums which
are harder to include regularly. The extension of FCM on weighted sets has been developed under different names,
including Density–Weighted FCM (WFCM) [83], Fuzzy Weighted C–means (FWCM) [85], and New Weighted FCM
(NW–FCM) [86]. This work utilizes a weighted set of datums.
3. Developed Method
In this section, we describe the process of deriving the objective function for a generic fuzzy–possibilistic clustering problem and then we propose a method for finding a solution to it. We first specify the inputs to the problem in
Section 3.1 and then outline the assessment of loss in Section 3.2. This section is followed by the brief introduction
of the robust loss function utilized in this work in Section 3.3. Then, we develop a variant of the Alternating Optimization (AO) process in order to find a solution to the derived optimization problem in Section 3.4 and discuss the
pruning method utilized in this work in Section 3.5. Subsequently, the outlier removal procedure utilized in this work
is described in Section 3.6. Finally, the algorithm outline is summarized in Section 3.7.
3.1. Input Specification
We assume that a mathematical model for the datums is given and denote datums as x or xn , as applicable. We
also assume that a cluster model is provided and denote clusters as ψ or ψc , as required. In this work, we utilize a
6
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weighted set of datums, defined as,

We denote the weight of X as,

n
o
X = (ωn ; xn ) , n = 1, · · · , N, ωn > 0.
Ω=

N
X

ωn .

(8)

(9)

n=1

We assume that a real–valued distance function, φ(x, ψ), is defined on the datum x and the cluster representation
ψ. We emphasize that this generalized assumption is a departure from prototype–based approaches which assume that
x and ψ have identical mathematical models, generally as members of Rk , and where the Euclidean distance function
is adopted. We assume that the distance between a datum and a cluster is always non–negative. We also assume that
the distance function is unbounded, i.e. for any cluster representation ψ and any positive value L, there exist infinite
number of datums x for which φ(x, ψ) > L. As special cases, when the datum belongs to Rk , the Euclidean Distance,
any Lr norm, and the Mahalanobis Distance are special cases of the notion of datum–to–cluster distance defined here.
The corresponding cluster models in these cases would be ψ ∈ Rk , ψ ∈ Rk , and ψ identifying a pair of a member of
Rk and a k × k covariance matrix, respectively.
We assume that φ(x, ψ) is differentiable in terms of ψ and that for any non–empty weighted set X, the following
function of ψ,
∆X (ψ) =

N
X

ωn φ(xn , ψ),

(10)

n=1

has one and only one minimizer which is also the solution to the following equation,
N
X
n=1

ωn

∂
φ(xn , ψ) = 0,
∂ψ

(11)

In this paper, we assume that a function Ψ (·) is given, which for the input weighted set X produces the optimal cluster
ψ which minimizes (10) and creates the solution for (11). We address Ψ (·) as the cluster fitting function. In fact, Ψ (·)
is the solution to the M–estimator given in (10). Examples for Ψ (·) include mean and median when xn and ψ are real
values and,
φ(xn , ψ) = (xn − ψ)2 ,

(12)

φ(xn , ψ) = |xn − ψ| ,

(13)

or,

respectively. We note that when a closed–form representation for Ψ (·) is not available, conversion to a W–estimator
can produce a procedural solution to (11) (refer to [87, 88] for details).
We assume that a function Ψ◦ (·), which may depend on X, is given that produces an appropriate number of initial
clusters. We address this function as the cluster initialization function. We address the initial number of cluster as C̄.
Note that, C̄ is not required to be explicitly known. It is in fact the responsibility of Ψ◦ (·) to produce an initial number
of clusters which is relevant to the problem class or problem instance.
We assume that a robust loss function function, u (·) : [0, ∞] → [0, U], is given. Here, U > 0 is the value which
u(τ) converges to for τ → ∞. We assume that u (·) is an increasing differentiable function which satisfies u(0) = 0 and
u(λ) = 21 for a known value of λ > 0, which we will address as the scale parameter (note the similarity with the cluster–
specific weights in PCM [50]). In fact, λ has a similar role to that of scale in robust statistics [89] (also called the
resolution parameter [25]) and the idea of distance to noise prototype in the Noise Clustering (NC) algorithm [46, 47].
Scale can also be considered as the controller of the boundary between inliers and outliers [43]. From a geometrical
perspective, λ controls the radius of spherical clusters and the thickness of planar and shell clusters [23]. One may
investigate the possibility of generalizing the unique scale factor, i.e. λ, into cluster–specific scale factors, i.e. λc
values, in line with the ηc variables in PCM [50]. We discuss the quadratic robust loss function utilized in this work
in more detail in Section 3.3.
7

A. Abadpour / Fuzzy Sets and Systems xx (2015) 1–26

8

3.2. Assessment of Loss
The problem addressed in this paper is to find 2 ≤ C ≤ C̄ locally optimal clusters which comply with a notion of
homogeneity identified through φ (·) and Ψ (·). We intend to produce the set of fuzzy membership values fnc ∈ [0, 1],
where fnc denotes the membership of datum n to cluster c (exact definition to be given later). The fnc satisfy (2). The
algorithm also internally works with possibility identifiers pn ∈ [0, 1] which denote the algorithm’s estimate of the
relevance of datum n. To put in perspective, as will be discussed later, pn fnc in this work is comparable to fnc in FCM.
The pn identifiers in this work have a role somewhat similar to that of tnc in PCM.
Here, we first derive a loss model for the described clustering problem. To do this, we employ a Bayesian inference
framework and model the aggregate loss of a system subject to a particular clustering output. Conditionals are dropped
when they are obvious in the context. We write,
E {Loss|X} =

" 
N
N


 n
 1 X

o
1 X
ωn E Loss xn =
ωn E Loss xn ∈ X̃ p xn ∈ X̃ +
E Loss xn p(xn ) =
Ω n=1
Ω n=1
n=1

 n
o#
E Loss xn < X̃ p xn < X̃

N
X

(14)

Here, we have used the model,
ωn
.
Ω

p(xn ) =

(15)

Also, X̃ is the subset of X which only includes the inliers. We model the possibility that xn is an inlier as pn and write,
n
o
p xn ∈ X̃ = pn .
(16)
Therefore we have,

" n
N
C

 
 n


oX
o#
1 X
E {Loss|X} =
ωn p xn ∈ X̃
E Loss xn ∈ X̃c p xn ∈ X̃c xn ∈ X̃ + E Loss xn < X̃ p xn < X̃ = (17)
Ω n=1
c=1
" X
#
C
N
1
1 X
u (φ (xn , ψc )) fnc + C U(1 − pn ) .
ωn pn
Ω n=1
C
c=1
In this model, X̃c is the subset of X̃ which contains datums in cluster c. Therefore,
X̃ =

C
[

X̃c ,

(18)

c=1



and we have modeled E Loss xn < X̃ as U = limτ→∞ u(τ). In other words, loss of an outlier is modeled as the
1 U for reasons which will
maximum value to which the loss function saturates. We have chosen to write U as C C
become clear later.
Close assessment of (17) shows that this cost function contains an HCM–style hard formulation. It is known,
however, that departure from HCM towards a fuzzy/probabilistic formulation has important benefits, as outlined in
Section 2.1. Hence, we rewrite the loss as,
E {Loss|X} =

" X
#
N
C
1 X
1
m
m
(φ
(x
))
U(1
−
p
)
,
ωn pm
u
,
ψ
f
+
C
n
n
c
n
nc
Ω n=1
Cm
c=1

(19)

and derive the cost function as,
∆=

N
C X
X
c=1 n=1

m m
ωn fnc
pn u (φ (xn , ψc )) + UC 1−m

8

N
X
n=1

ωn (1 − pn )m .

(20)
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This objective function is to be minimized subject to (2).
A Note on the concept of membership in the present framework is necessary. In this work, fnc denotes the
membership of xn to ψc conditional to xn being an inlier. In this paper, however, for convenience, we may refer to
fnc as “membership of xn to ψc ”. It is important to realize that this reference contains an implicit “subject to xn being
an inlier” excluded from the sentence in order to facilitate the flow of the conversation and the derivations. In other
words, the membership of xn to the cluster c, as commonly referenced in the FCM literature, is in fact equal to pn fnc ,
as derived below,
n
o
n
o p xn ∈ X̃c ∩ X̃
n
o ,
(21)
fnc = p xn ∈ X̃c xn ∈ X̃ =
p xn ∈ X̃
As X̃c ⊂ X̃, we have,
o
n
p xn ∈ X̃c = pn fnc .

(22)

Also, it is important to realize that the obvious equality,
C
X

pn fnc + (1 − pn ) = 1, ∀n,

(23)

c=1

carries an intuitive meaning, as follows: X is partitioned into the C + 1 disjoint sets of X̃1 , X̃2 , · · · , X̃C , X − X̃. As
such, (23) carries the probability values which indicate the membership of xn to each one of these sets.
We emphasize that the second term in (20) in fact acts as a regularization component and that it bears resemblance
to the regularization term in PCM (see (4)). It is important to emphasize, however, that this term is derived organically
through the derivation of the loss value. In comparison, some of the well–known methods in the literature utilize a
regularization factor which is heuristically and based on the intuition of the researchers assumed to yield the desired
effect (for example see [72]). These works then utilize experimental evidence in order to exhibit that the desired
effects are in fact present and valid. In contrast, in this work, we start from a Bayesian model for the loss function
and derive an objective function which yields a term that may be understood as a regularization term. We find this
distinction important from an epistemological perspective.
Also, note that setting pn ≡ 1, ∀n, i.e. assuming that all datums are inliers, and also setting u(x) ≡ x, converts
(20) to the conventional FCM formulation. In other words, the process developed in this paper can be considered as
theoretical justification for the FCM model when the presence of outliers is ignored.
We develop a solution strategy for (20) which utilizes iterative execution of four processes, i.e. one which updates
fnc values, one which updates pn values, one which updates cluster representations, and one which finds and removes
inappropriate clusters (pruning). The first three processes are covered in Section 3.4 and the last process is addressed
in Section 3.5. In effect, the solution process starts with a set of clusters, and finds it way toward convergence
to a, potentially smaller, set of locally optimal clusters through updating membership and possibility values and
cluster identifications, recursively. The first two steps in this solution strategy are similar in form to the alternating
optimization scheme utilized in classical FCM, PCM, and the other algorithms in this class [7]. First, however, we
review the robust loss function utilized in (20) in Section 3.3.
3.3. Robust Loss Function u (·)
In this section, the robust loss function u (·), employed in the objective function given in (20), is reviewed. The
reader is referred to [90, Section 6.1.2] for a comprehensive review of robust estimation frameworks and [91] for a
review of the properties of appropriate robust loss functions in this context. The method developed in this work may
be extended further in order to allow for cluster–specific robust loss functions uc (·), as used in [13].
The purpose for including the robust loss function in (20) is to provide a robust estimation framework. This is
partly achieved through mandating that u(x) must converge to a finite value for large values of x. Hence, for an outlier,
that by definition is far from all clusters, the contribution to the cost function could be assumed to be independent of
the distance between the datum and the clusters.
9

A. Abadpour / Fuzzy Sets and Systems xx (2015) 1–26

10

For u (·) to be a proper robust loss function, we additionally require that it is differentiable and monotonically
increasing and that it satisfies u(0) = 0. Note that the difference between the value of u(x) and U = limτ→∞ u(τ)
represents how much favorable the robust loss function is to a particular x. Therefore, we maintain that the area
underneath ũ(x) = U − u(x) must be a finite value, which is set equal to 1.0 in this work for notational convenience.
We also require the robust loss function to have a scale controller, denoted as λ. This parameter adjusts the point at
which the robust loss function ascends to half of what it accepts at infinity. Additionally, we define the corresponding
weight function as w(x) = 1x u′ (x) and mandate w(0) , 0.
In this work, we examined robust loss functions of the general form,
u(x) = U

t(x)
, λ > 0.
t(λ) + t(x)

(24)

where,
1

U=
2t(λ)

Z

∞

0

1
dx
t(λ) + t(x)

.

(25)

and assessed t(x) = xn , t(x) = α x , and t(x) = x2 α x and chose t(x) = x2 . Here, the resulting robust loss function is
discussed.
Inserting t(x) = x2 in (24), we arrive at the quadratic robust loss function given below,
u(x) =

x2

.
πλ λ2 + x2

(26)

Note that while λ is the scale parameter for this robust loss function, varying λ does not impact the overall geometrical
layout of u(x). In fact, λ linearly squeezes the height of the function, i.e. U, and linearly stretches the vertical span of
the function. To exhibit this point, we make λ explicit in the notation of u(x) and write,
uλ (x) =
Now we have,

x2
.

πλ λ2 + x2

λuλ (λx) = u1 (x).

(27)

(28)

In other words, λuλ (λx) is independent of the value of λ.
Figure 1–(a) shows the quadratic robust loss function for λ = 5.00. Figure 1–(b) shows the quadratic robust loss
function normalized to a maximum of one for different values of λ. As seen in this figure, larger λ increases the width
of the transitory state between the minimum and the maximum of u (·).
It is clear that the quadratic robust loss function converges to a finite value in infinity and that it passes through
[0, 0]. Its derivative also exists and is positive and we have,
w(x) =

1
2λ
,
π λ2 + x2 2

(29)

R∞ 

which implies w(0) > 0. It is, however, worth paying attention to −∞ U − u(x) dx and how it relates to Cauchy
Distribution (here, U = (πλ)−1 ). We have,
Z ∞
Z ∞


1
"
(30)
U − u(x) dx =
 x 2 # dx = 1.
−∞
−∞
πλ 1 +
λ
Here, the term in the integral is the probability density function of a zero–mean Cauchy Distribution. In other words,
the quadratic robust loss function is inversely proportional to a Cauchy Distribution, where λ is the scale parameter.
We acknowledge that one may consider the possibility of utilizing Tukey’s biweight [92], Hampel [91], and
Andrews loss functions in this framework. Huber and Cauchy loss functions are not bounded and therefore are not
applicable to this work. Refer to [43, Table I] for mathematical formulations.
10

A. Abadpour / Fuzzy Sets and Systems xx (2015) 1–26

11

1
0.06

0.8

0.05

u(x)/U

u(x)

0.04
λ = 5.00

0.03

0.6
0.4

0.02

0.2

0.01
0
−25

−20

−15

−10

−5

0
x

5

10

15

20

25

0
−80

−60

−40

λ = 1.0

−20
λ = 2.0

(a)

0
20
40
x
λ = 4.0
λ = 8.0

60

80

λ = 16.0

(b)

Figure 1. Quadratic robust loss function given in (26). The control parameter λ determines the horizontal scaling of the function, and therefore its
height. (a) The robust loss function for λ = 5.00. (b) The height–normalized robust loss function for different values of λ. Refer to text for the
details.

3.4. Alternating Optimization Process
In this section, we provide a solution algorithm for the objective function derived in (20). Here, we will use the
quadratic robust loss function, reviewed in Section 3.3. Similar procedure can be followed for a generic robust loss
function.
Calculating ∂∆ and equating it to zero we have,
∂pn
pn =

1
 1
 C
 m − 1
X m 1
1 + C 
fnc u (φ (xn , ψc ))
U
c=1

.

(31)

We then utilize Lagrange Multipliers and derive,

− 1
u (φ (xn , ψc )) m − 1
fnc = C
.
X
− 1
u (φ (xn , ψc̃ )) m − 1

(32)

c̃=1

This formulation yields the classical FCM update function for fnc if u(x) is assumed to be the identity function.
Solving (20) for ψc , we have,
N


 ∂
∂∆ X
m m ′
=
φ (xn , ψc ) .
ωn fnc
pn u φ (xn , ψc )
∂ψc n=1
∂ψc

(33)



m m ′
ω̃nc = ωn fnc
pn u φ (xn , ψc ) ,

(34)

Defining,

The equality given in (33) is rewritten as,

N
X
n=1

ω̃nc

∂
φ (xn , ψc ) = 0,
∂ψc

and using (11), the solution to this equation exists and can be calculated as follows,
n
 o
ψ⋆c = Ψ ω̃nc ; ~xn .
11

(35)

(36)
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Note that, here, the dependency between ω̃nc and φ (xn , ψc ) is ignored. In fact, what is known here is only that the
following is valid.
N
X
n=1

N
 X

  


m m ′
m m ′
ωn fnc
pn u φ (xn , ψc ) u φ xn , ψ⋆c ≤
ωn fnc
pn u φ (xn , ψc ) u (φ (xn , ψc )) .

(37)

n=1

In other words, the cluster representation ψ⋆c calculated in (36) does not necessarily satisfy,
∆c (ψ⋆c ) ≤ ∆c (ψc ).

(38)

Here, ∆c (ψ) is the contribution of ψc = ψ to the objective function.
∆c (ψ) =

N
X

m m
ωn fnc
pn u (φ (xn , ψ)) .

(39)

n=1

In order to address this issue, we propose that ψ⋆c is only accepted if it produces a smaller value of ∆c (·) compared to
the value produced by the existing ψc . Otherwise, ψc will be fed to the next iteration as is. One may investigate the
requirements for a distance function which would always satisfy (38).
An alternative method is to utilize the technique developed by Weiszfeld [93] and Miehle [94, 95] (similar techniques are cited under different names as well [96, 97]). The Weiszfeld technique utilizes the fixed point method in
order to solve (11) when φ (·) is not the Euclidean distance function (refer to [96] for details and to [98] for options for
acceleration of the technique). A weighted version of the Levenberg–Marquardt algorithm [99] may also be applicable
for certain distance functions and loss functions.
Here, we discuss the situation with outliers and far points in some more detail. As a direct result of the fact that
limτ→∞ u(τ) = U, points far from all clusters, i.e. outliers, will have equal membership to all clusters, i.e. fnc ≃ 1/C.
This can be verified by inserting u (φ (xn , ψc )) = U, ∀c in (32). Additionally, through substituting the value of fnc
from (32) in (31), we have pn = 12 for outliers. In other words, an outlier can be identified as a datum which has a
1 to all clusters and an associated possibility value of 1 . Similarly, if a point is a
membership value of pn fnc = 2C
2
close match for one cluster, say cluster 1, and is far from the other clusters, we will have fn1 ≃ 1 and fnc ≃ 0, ∀c > 1
(again refer to (32)). Analyzing the value calculated for pn under the same conditions, using (31), one would prove
that pn ≃ 1, hence confirming that pn fnc is close to one for c = 1 and is negligible for other values of c.
It is also important to discuss the role of pn in reducing the impact of outliers. As exhibited above, pn is small
for an outlier. This then results in the corresponding datum to have less contribution to the objective function, as
implemented through the terms pm
n in (20). Hence, such a datum corresponds to a smaller value of ω̃nc , as calculated
in (34), therefore having smaller impact on the updated cluster calculated through (36).
3.5. Pruning
The method described in Section 3.4 provides an alternating optimization method for updating the different entities
of the system in order to find a minimizer. Nevertheless, the issue of the number of clusters, C, to be used in a particular
problem instance, has to be addressed separately and carefully. This work utilizes cluster utilization in order to arrive
at an appropriate number of clusters within an unsupervised framework. This is in effect a Progressive Clustering
scheme.
The general approach in the literature is to devise heuristically engineered terms which are suggested to model
cluster validity (for example review the definition of cluster “cardinality” in [13]). These validity models are often
based on metaphorical concepts such as cluster “size” or “separation”. In this work, however, we refrain from utilizing
heuristically defined measures and suffice to assess the contribution of each cluster to the loss model introduced in
Section 3.4. We emphasize that the method developed in this work is independent of datum and cluster mathematical
models specific to any problem class.
We argue that a cluster is justified only when it has valuable contribution to reducing the loss in the system. In
other words, cluster ψc⋆ is to be eliminated if dropping it from the system would not increase ∆, defined in (20),
drastically. Here, we define the value of loss in the system after cluster ψ⋆ is dropped as ∆c⋆ and reject cluster c⋆
12
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when the relative difference between ∆c⋆ and ∆ is less than a pre–selected threshold. Hence, we define the “utilization”
of cluster c⋆ as,
ρc⋆ =

∆c⋆ − ∆
.
∆

(40)

Note that if ρc⋆ is negative, it means that cluster c⋆ in fact inflates loss in the system, and therefore must be dropped.
Larger utilization values denote a cluster which is more relevant to the set of datums. Hence, in the implementation,
we eliminate clusters which satisfy ρc⋆ ≤ ρ̄, as outlined later. Here, ρ̄ is the minimum acceptable utilization. In the
entire set of experimental results carried during the development of this paper we used ρ̄ = 12 .
A note on the formulation for ∆c⋆ is important to be discussed. Assuming that the cluster c⋆ is dropped from the
system and noting the new membership values as fˆnc , it can be shown that (2) results in,
 1


f
1 − fnc⋆ nc
ˆfnc = 



0

c , c⋆ ,
c = c⋆ .

(41)

This new set of membership values is then utilized in order to produce new pn values, which we denote as p̂n . We
then utilize fˆnc and p̂n values in order to produce ∆c⋆ .
3.6. Outlier Removal
For certain classes of problems, it is not a requirement that every datum must indeed be assigned to a cluster.
In other words, the problem class under consideration may prefer a solution in which clusters are not unnecessarily
“bloated” in order to include outliers. We satisfy the requirements of such problem classes through returning the C
disjoint sets X̃c , c = 1, · · · , C, as the inlers, as well as X − X̃ as the set of outliers.
We suggest to utilize a Maximum Likelihood inference framework and compare the probability values corresponding to xn ∈ X̃c , for c = 1, · · · , C as well as the propability that xn ∈ X − X̃. Derivation shows that a datum belongs to
one of the X̃c , and therefore is inlier, when,
pn max fnc > 1 − pn .
c

(42)

Hence, if the problem is to be solved in inclusive mode, then datum n is assigned to cluster cn = argc max fnc . In
non–inclusive mode, however, cn is not defined if xn is not an inlier, i.e. if it does not satisfy (42). This strategy has
similarities to Conditional Fuzzy C–means (CFCM) [11], but the method developed in this paper does not require the
a priori knowledge needed in CFCM.
3.7. Algorithm Outline
In this section, the algorithm developed in this work is formally outlined. As shown in Algorithm 1, the developed
method consists of an iterative process which continues until convergence is achieved. There are two sets of inputs
to this algorithm, i.e. Problem Class and Problem Instance. Problem Class specifies the distance function φ (·), the
cluster initialization function Ψ◦ (·), the cluster fitting function Ψ (·), and the scale λ. Problem Instance contains the
particular data corresponding to one problem, i.e. the weighted set of datums X. The algorithm returns the number of
clusters found, C, the cluster identifiers, ψ1 , · · · ψC , fuzzy membership values pn fnc , and crisp clustering results cn .
The algorithm starts with calling Ψ◦ (·) which creates C initial clusters. Then, the algorithm iterates through refinement and elimination stages until the system converges. This scheme has been called the Alternating Optimization
(AO) approach, among other names [16] and is the framework which is utilized in HCM, FCM, PCM, and a significant
number of other clustering techniques. The popularity of the AO is partly due to the fact that minimization of the cost
function in HCM is proven to be NP–hard [100]. We emphasize that AO does not guarantee that the global optimum
will be found [23].
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Problem Class: Distance function φ (·)
Cluster initialization function Ψ◦ (·)
Cluster fitting function Ψ (·)
Scale λ
Problem Instance: Weighted set X = {(ωn ; xn )} , n = 1 · · · N
Output: Number of clusters C
Cluster representations ψ1 , · · · ψC
Fuzzy membership values pn fnc
Crisp clustering results cn
Call Ψ◦ (·) and acquire the initial clusters ψ1 , · · · ψC ;
repeat
/* Update membership and possibility values
Calculate u (φ (xn , ψc )) for all c and n;
Calculate fnc using (32), for all c and n and calculate pn using (31), for all n;

*/

/* Monitor ∆
Calculate ∆ using (20);
if too many iterations then break;
if C has not changed recently then
if recent change in ∆ has not been significant then break;
end

*/

/* Pruning
if iteration count is more than three then
Calculate ρc using (40), for all c, and find c̃ = argc min {ρc };
if ρc̃ < 12 and C > 2 then
Eliminate cluster c̃;
Calculate fnc using (32), for all c and n and calculate pn using (31), for all n;
end
end

*/

/* Perform cluster fitting
for 1 ≤ c ≤ C do
Calculate ψ⋆c using (36);

if ∆c ψ⋆c ≤ ∆c (ψc ) then Set ψc = ψ⋆c ;
end

*/

until True;
Calculate cn , for all n, using Maximum Likelihood on fnc and pn ;
Algorithm 1: Algorithmic representation of the developed method.
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Figure 2. Cluster and datum models in the grayscale image multi–level thresholding problem class. Here, a cluster is modeled as an interval on the
grayscale axis, centered at ψc , and the datums are values on the grayscale axis. Each datum has a corresponding non–negative weight associated to
it. The scale, λ, governs the size of the clusters.

4. Experimental Results
This section provides experimental results for the developed method. The purpose for this presentation is to
demonstrate that the developed algorithm can be set up within the context of different problem classes. As such, the
emphasis in this section is on the applicability of the method and, therefore, we do not carry comparative results.
In essence, as stated in the rest of this paper, in this contribution we intend to provide a systematic way for the
rederivation of a generic fuzzy–possibilistic clustering objective function. This section follows the same approach.
Here, we define four problem classes and then follow with the procedure required to adapt the developed method
to these problem classes. The results presented in this section are collected using the Matlab implementation of the
developed algorithm, as described in Section 4.1, running on Windows 7, 64bit, on an Intel Core i5–2400 CPU,
3.10GHz, with 8.00GB of RAM.
4.1. Implementation Notes
The developed algorithm is implemented as a class named Connie in MATLAB Version 8.1 (R2013a). It takes use
of Image Processing Toolbox for minor image–related primitives.
Each problem class is implemented as a child class for Connie. The child classes implement a constructor which
creates the weighted set X based on the input image, data file, etc. The child classes also implement the three functions
φ (·), Ψ◦ (·), and Ψ (·) and set the value of λ independent of X. Additionally, the child classes respond to visualization
commands such as “input”, “output”, “membership”, and “possibility”. The figures presented in this paper are created
through these function calls. The child classes are not responsible for any of the core operations of the developed
algorithm. These operations are implemented in the parent class Connie. This class abstracts datums and clusters and
operates on them indifferent to the content of the problem class–specific entities.
The implementation of the developed method utilizes vector operations. In fact, datums and clusters are represented as vectors and the three model-specific functions work on data appended as 2D matrices. In the code, all for
loops are on c. No operation utilizes a for loop over values of n. This is an important issue because generally N ≫ C.
4.2. Grayscale Image Multi–Level Thresholding
The problem of grayscale image multi–level thresholding defines datums as grayscale values and models a cluster
as an interval on the grayscale axis centered at the scalar ψc [48]. Figure 2 provides a visual representation of cluster
and datum models in this problem.
In order to produce the datums, we calculate the histogram of the input images (64 bins). Here, each bin represents
one datum and the number of pixels in the bin, normalized over the area of the image, produces the corresponding
weight. Distance between a datum and a cluster is defined as the square difference and the initial clusters are defined as
16 uniformly–distributed points in the working range. The cluster fitting function in this case calculates the weighted
sum of the input elements. This problem class defines difference of 10 gray levels as acceptable, i.e. λ = 102 , and is
defined as inclusive.
Figure 3 presents the results of running the developed algorithm on four standard images. Here, xn is replaced
with ψcn in order to exhibit the clusters. Numerical results corresponding to these experiments are carried in Table 1.
The images used in this experiment have a resolution of 512 × 512. The developed algorithm requires about 60
milliseconds in order to converge on these images. This amounts to an operation at more than 15 frames per second.
Note that there is no parameter modification between the multiple executions of the developed algorithm on the
four samples shown in Figures 3. In fact, the algorithm has been executed “out–of–the–box” in these experiments.
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Figure 3. Results of the execution of the developed method for grayscale image multi–level thresholding. Refer to the text and Table 1 for details.

4.3. 2–D Euclidean Clustering
The problem of 2–D Euclidean Clustering is the classical case of finding dense clusters in weighted 2–D data.
Here, dense is defined in terms of inter–cluster proximity of points. Figure 4 provides a visual representation of the
cluster and datum models in this problem.
In visualization, we denote a point ~xn as a circle with radius linearly relative to ωn . Here, we assume that all
datums belong to [−X, X]2 , for a known positive X, to be addressed as the range variable. In Figure 4, and the other
figures in this section, range is denoted by the shaded thick square surrounding the points.
As denoted in Figure 4, in this problem class, the two functions φ (·) and Ψ (·) are the Euclidean and the center
of mass operators. Moreover, in order to produce the input set of datums, we we first randomly place 8 points in
[−X, X]2 . Here, X = 10. Then, for each point , which we address as [xn◦ , y◦n ], we generate 200 datums, where we
generate the x and y coordinates based on independent N(xn◦ , 1) and N(y◦n , 1) distributions. Subsequently, we add
3 × 200 background points which we generate using two independent N(0, 10) distributions. Finally, we reject points
outside [−X, X]2 . This problem class is defined as non–inclusive and we produce the initial set of clusters as C = 3 × 8
uniformly–distributed points in [−X, X]2 . In this problem class we set λ = 42 .
Figure 5 shows the results of executing the developed algorithm on three sets of datums. Here, shades of gray
indicate the values of pn and the colored polygons identify the convex hull of the Xc sets. No system parameter
or settings has been modified before these executions and the code is essentially identical to the one executed in
Section 4.2. Numerical values corresponding to these experimenta are carried in Table 1.
4.4. Plane Finding in Range Data
In this section, we discuss the problem class which is concerned with finding planar sections in range data. Figure 6
provides a visual representation of cluster and datum models in this problem class.
The input set of datums in this problem class contains 3–D points captured by a DepthSense 311 Time–of–Flight
sensor. the depth–maps used in this experiment are captured at the resolution of 120 × 160. Intrinsic parameters of
the camera are acquired through the DepthSense SDK. Each datum in this problem class has the weight of one.
Clusters in this problem class are defined as planes which have a thickness. Here, we model a plane using the
following mathematical representation,
αx + βy + γz = α2 + β2 + γ2 .

(43)

~ = α, β, γT and is perpendicular to it. Note that the plane representation can be rewritten
This plane passes through ψ
as,
~ T ~x = ψ
~
ψ
16

2

.

(44)
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Figure 4. Cluster and datum models in the 2–D Euclidean clustering problem class. Here, a cluster is a modeled as a circle in the 2–D space,
centered at ψc , and datums belong to a square in R2 . Each datum has a corresponding non–negative weight associated to it. The scale, λ, governs
the radius of the clusters.

−5

−5

−5

−10

−10

−10

−10

−5

0
x

5

10

−10

−5

(A)

0
x

(b)

5

10

−10

−5

0
x

5

(c)

Figure 5. Results of the execution of the developed method for 2–D Euclidean clustering. Size of the datums denote their weight and their shade of
gray indicates the values of pn . Refer to the text and Table 1 for details.
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Figure 6. Cluster and datum models in the plane finding in range data problem class. Here, a cluster is a modeled as a thick planar section of the
3–D space and is denoted by the closest point on it to the origin (more precise definition given in the text). Datums in this problem class are points
in the 3–D space and distance between a datum and a cluster is defined as the distance between the corresponding point and the respective plane.
The scale, λ, governs the thickness of the clusters.

~ c is defined as the distance between the corresponding point and the
Distance between the datum ~xn and the cluster ψ
respective plane, as follows,


~c =
φ ~xn , ψ

1
~c
ψ

2



~ Tc ~xn − ψ
~c
ψ


2 2

.

(45)

This definition is similar to the distance function utilized in FCV [28].
The initial set of clusters in this problem class are the six planes perpendicular to the three axes (two per axis).
Each plane passes through the point at the ten percentile to the left or to the right of the marginal distribution of the
points on the corresponding axis. The cluster fitting function, Ψ (·), for this problem class fits a plane to a number of
3–D weighted points through using Singular Value Decomposition (SVD), as described below.
~ on it and its normal ~v. Hence, we can rewrite (45) as,
In order to derive Ψ (·), we model the plane using a point m

 h
i2
~ c = ~vT ~xn − m
~ .
φ ~xn , ψ

(46)

Derivation shows that the optimal plane passes through the sample mean point and therefore,
~ =
m

N
1 X
ωn ~xn .
N
X
n=1
ωn

(47)

n=1

The problem here is to find the normal to the plane, ~v. We write the set of distances from the datums to the plane as,
AT ~v =




 T
~x1 − m
~ T ~v, · · · , ~xN − m
~ T ~v ,
18
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and therefore write the weighted mean square error as,
∆=

N
X
n=1

h
1
 i2
~ T ~v = W 2 AT ~v
ωn ~xn − m

2

=



1

AW 2

T

2

~v

.

(49)
1

Here, W is the diagonal matrix containing ω1 , · · · , ωN as its elements. Assuming that SVD is carried out on AW 2 ,
i.e.,
1

AW 2 = US V T ,

(50)

we have,
∆ = S T U T ~v

2

.

(51)

Here, ∆ is minimized when U T ~v equals [0, 0, 1]T , or, equivalently, when ~v is the third column in U.
Having calculated ~v, we can write the plane equation as,
~vT ~x = ~vT m
~,

(52)

2



~vT m
~ ,
~ ~vT ~x = ~vT m

(53)

and thus,



~ = ~vT m
~ ~v.
which is equivalent to (44) given that ψ
This problem class defines distance of 50 millimeters from a plane as acceptable, i.e. λ = 502 , and is defined as
non–inclusive, because we expect outliers and other datums which do not belong to any of the planes to exist in the
data set and wish to identify and exclude them.
Figure 7–(a) shows results of executing the developed algorithm on range data captured from a room with visible
floor and walls. In the results shown in Figure 7–(b) a human subject is added to the same scene and the camera is
moved. Numerical details corresponding to these experiments are carried in Table 1. We emphasize that this result
is deterministic and that the developed method has been utilized out–of–the–box. In fact, the code utilized in this
experiment is identical to the one used in Sections 4.2 and 4.3, except for modifications of cluster model and scale, as
explained above.
4.5. Color Image Segmentation
Color image segmentation is a well–known task and numerous approaches to tackling it exist in the literature.
Point–based clustering approaches are among the methods utilized for color image segmentation. For an example for
the utilization of fuzzy clustering in multi–spectral image segmentation refer to [101].
The appropriateness of an Euclidean model for color homogeneity has been disputed in the literature. Klinker,
Shafer and Kanade [102] presented a new approach to measuring highlights from an arbitrary point of a dielectric
object in 1988. Then, in 1990, they applied their theory to color image understanding [103]. About a decade later,
Cheng and Hsia [104] used Principal Component Analysis (PCA) for color image processing. Then, in 2004, Nikolaev
and Nikolayev [105] provided theoretical evidence for the appropriateness of linear models of color homogeneity in
natural images. Later in 2008, Abadpour and Kasaei [106] utilized a resulting cylindrical cluster model for color
image segmentation for the purposes of compression and watermarking. Figure 8 provides a visual representation of
the cluster and datum models in this problem class.
The datums in the color image segmentation problem are RGB color vectors, ~xn ∈ [0, 255]3 , with equal weight. In
practice, we down–sample the input image in order to reduce the number of datums to 5,000. A cluster in this problem
class is defined as a mean vector, ~ηc , and a principal vector, ~vc , i.e.,

ψc = ~ηc , ~vc .
19
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(a)

(b)

Figure 7. Results of the execution of the developed method for plane finding in range data. (a) Room with visible floor and walls. (b) Same room
from a different vantage point with a human subject seated at the middle. Refer to the text and Table 1 for details.
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Figure 8. Cluster and datum models in the color image segmentation problem class. Here, a cluster is modeled as a cylindrical structure, with a
known center and a known direction. Datums in this problem class are equally–weighted 3–D RGB vectors. The scale, λ, governs the radius of the
clusters.
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Figure 9. The PCA representation of these 14 homogenous color patches are used in order to initialize the clusters in the color image segmentation
problem class.

Distance between the datum ~xn and the cluster ψc is defined as [107],

φ ~xn , ψc =



~xn − ~ηc − ~vTc ~xn − ~ηc ~vc

2

.

(55)

The Ψ (·) function in this problem class is calculated using Fuzzy Principal Component Analysis (FPCA) [108, 109],

i.e. Ψ (X) = ~η; ~v where ~η is the sample mean,
~η =

N
1 X
~xn ωn ,
N
X
n=1
ωn

(56)

n=1

and ~v is the eigenvector of,
C=

N
X
n=1



ωn ~xn − ~η ~xn − ~η T .

(57)

corresponding to the largest eigenvalue.
The clusters in this problem class are initialized to the PCA representations of 14 clusters representing 14 homogenous 256 × 256 colored patches. These patches are extracted form images found on the web through searching
for terms such as Skin, Ocean, Grass and Olive (see Figure 9). They loosely relate to the 16 colors in a 4–bit CGA
color pallet.
We accept an absolute different of 8 values in each principal direction, i.e. λ = 252 ≈ (3 × 8)2 , and this problem
class is solved as inclusive.
Figure 10 shows the results of executing the developed algorithm on four color images. Numerical details corresponding to these experiments are carried in Table 1. Note that in order to produce the output images, we create an
index map for the down–scaled version of the input image (scale of 4). We then upscale the index to the original size.
We carry out this operation in order to produce a smoother visualization.
5. Conclusions
This paper provides an alternative to the common approach in the literature, wherein heuristically engineered
objective functions, constraints, and cluster validity measures are provided by the researchers and are verbally justified
to be leading to desired outcomes. Additionally, this paper remedies an important shortcoming in a major number of
works in the literature where influential parameters, especially as regularization terms, are to be set “prudently” by
the user or through costly operations which may have to be repeated for each problem instance separately.
In this paper, we utilize a Bayesian inference framework and derive the loss model in a generic fuzzy–possibilistic
clustering problem. We robustify the resulting objective function through employing a robust loss function with
a controllable saturation point for datum–to–cluster distances. This function limits the impact of outliers and far
datums on clusters they have minimal membership to. The model developed in this paper also utilizes the concept
of relevance of datums to the set and defines datum to cluster membership identifiers conditional to that. From a
theoretical perspective, the methodology developed in this paper incorporates both concepts of fuzzy/probabilistic
21
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Figure 10. Result for the execution of the developed method for color image segmentation. Refer to the text and Table 1 for details.

membership and possibilistic identifiers and is applicable to weighted and sampled data sets and sets with different
priority classes.
We also developed a solution procedure for the derived objective function. This procedure iterates through a set of
closed–form calculations until convergence. The developed process is in effect an Alternating Optimization pipeline
which employs Progressive Clustering in order to arrive at a number of clusters appropriate to the given problem
instance with no need for user supervision. To do this, we utilize the loss function derived in this paper in order to
measure the quality of different clusters and to reject redundant ones.
The methodology developed in this contribution is applicable to different classes of problems without the requirement for the core operations to be modified. In fact, the essential requirement for utilizing the developed algorithm
on different datum and cluster models is to provide three characteristic functions, i.e. datum–to–cluster distance, set
of initial clusters, and cluster fitting function, as black boxes. Additionally, the operation of the developed method
depends on the value of scale, which provides meaning for the values produced by the datum–to–cluster distance
function. These three functions and the scale parameter are perceptually meaningful and are independent of particular
problem instances.
We describe the process of adopting the developed algorithm in order to provide solutions to problem instances
in four different problem classes. These classes constitute problems in 1–, 2–, and 3–D spaces, where homogeneity
is defined as Euclidean compactness, proximity to a plane, and containment in a cylinder. In the physical world, the
clusters in these problems are required to identify grayscale and color similarity, planarity, and compactness.
The next step in this research is to incorporate the concept of spatial context [110] into the developed loss model.
This addition should incorporate the notion of correlation between datums. Hence, from the modeling perspective,
the loss for one datum will also depend on the membership if its “neighbors” to the clusters.
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Table 1. Numerical values corresponding to the experimental results presented in Section 4.

Problem Class

Sample

#Iterations

#Clusters

Elapsed Time

Grayscale Image
Multi–Level Thresholding

Figure 3–(a)
Figure 3–(b)
Figure 3–(c)
Figure 3–(d)

20
21
26
21

4
3
3
3

57.4 ms
58.1 ms
67.4 ms
59.3 ms

2–D Euclidean Clustering

Figure 5–(a)
Figure 5–(b)
Figure 5–(c)

27
24
26

6
8
7

596.4 ms
554.0 ms
568.9 ms

Plane Finding
in Range Data

Figure 7–(a)
Figure 7–(b)

12
24

3
3

239.2 ms
406.1 ms

Color Image
Segmentation

Figure 10–(a)
Figure 10–(b)
Figure 10–(c)
Figure 10–(d)

23
20
15
18

4
4
7
5

294.9 ms
248.6 ms
219.6 ms
237.9 ms
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